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How 10 CALCULATE COLOR FROM
SPECTRA OF UNIAXIAL GEMSTONES

Che Shen, Aaron Palke, Ziyin Sun, and Mark D. Fairchild

Color is the most important quality for colored stones, one that is widely discussed and studied by gemologists.

Understanding the color characteristics of a gemstone can provide a scientific basis to guide its cutting. This

study uses visible spectroscopy to determine the unpolarized spectra of a uniaxial material from the polarized

spectra (o-ray and e-ray) in order to predict the color of a uniaxial gem material when viewed in any direction.

A seemingly intuitive way of doing this, by adding weighted amounts of the o-ray and e-ray absorption spectra,

does not actually work for estimating the unpolarized spectra. The mathematically and physically correct way

to reconstruct these unpolarized spectra is to add weighted polarized transmittance spectra and then to convert

back to absorption if desired. This method allows color to be accurately predicted for a material when viewed

in any direction as long as the polarized spectra and the viewing angle relative to the c-axis are known. This

method has been verified by comparison with a synthetic V-bearing sapphire and a synthetic Cr-bearing sapphire

cut into wafers (not faceted gemstones) at various angles relative to the optic axis.

ost gem materials are minerals with crystal
Mstructures exhibiting long-range order, such

as diamonds, rubies, and sapphires. In order
to fully understand their color behavior, one must con-
sider these gem materials from the perspective of their
crystallographic characteristics. All crystals can be di-
vided into three categories: isometric, uniaxial (see fig-
ure 1), and biaxial.

Polarized Light. Light is a form of electromagnetic
radiation that can be considered as waves traveling
in one direction at the speed of light with electric and
magnetic field components vibrating perpendicular
to the direction of travel. The colorimetric properties
of light that reaches our eyes are determined by the
spectrum of wavelengths present in the light beam.
In general, white light as produced by the sun or an
incandescent bulb is unpolarized, meaning the elec-
tric field component has no preferred orientation,
with every oscillation direction equally represented.
When unpolarized light passes through either a uni-
axial or biaxial material in a direction not parallel to
the optic axis, it splits into two distinct rays that
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have electric field oscillation directions perpendicu-
lar to each other (Tilley, 2020). This can be seen by
observing uniaxial or biaxial crystals with transmit-
ted polarized light, where in most cases we will ob-
serve different colors with different orientations (see
figure 2). This, in turn, is because most colored uni-
axial or biaxial minerals will absorb light differently
when the electric field polarization orientation of the
light changes.

In Brief

e In order to quantitatively describe the color of gem
materials, it is most appropriate to consider them
under an unpolarized light condition.

e The color of a uniaxial gemstone can be predicted by
its polarized spectra (o-ray and e-ray).

e The mathematically and physically correct way to re-
construct these unpolarized spectra is based on the
square of cosine and sine functions of o-ray and e-ray,
provided the incident light angle relative to the optic
axis is known.

Color from the Spectrum. The perception of color as
experienced by human observers is determined by
three main factors: lighting condition, the human vi-
sual system, and the object itself. Colorimetry is the
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Figure 1. Corundum is an example of a negative uniaxial mineral. This ruby crystal in matrix from Mogok,
Myanmat, is approximately 6.15 cm in length. The cut gem is a 3.22 ct unheated ruby, also from Mogok.
The cut gem is courtesy of Jeffrey Bergman, Primagem. Photo by Robert Weldon/GIA.
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field of study that deals with quantitative descrip-
tions of color perception. The color stimuli of trans-
parent materials (e.g., gemstones) will depend on
which wavelengths of light pass through the material
in the visible range (approximately 380-780 nm). Fig-
ure 3 illustrates the absorption spectrum of a syn-
thetic pink sapphire that shows which wavelengths
of unpolarized light are selectively absorbed by the
material (high values of absorbance) and which wave-
lengths are less absorbed (low absorbance). The term
pleochroism is used to describe the phenomenon
whereby light with different polarization directions

Figure 3. For the unpolarized visible light spectrum of
the synthetic pink sapphire sample (top right) taken
at a specific angle of incidence, the calculated color is
shown below the sample. The calculation is based
upon CIE’s 1931 color-matching function (CIE, 1932)
and D65 lighting. The color is reproduced based on
SRGB color space. The ruby wafer is 2.754 mm thick
and has a chromium concentration of 111 ppma.
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Figure 2. Images of a
polished wafer of syn-
thetic pink sapphire
photographed under
different polarized
lighting conditions.
Left: Electric field com-
ponent perpendicular to
the optic axis (ELc or o-
ray). Right: Electric
field component paral-
lel to the optic axis
(E||c or e-ray).

produces distinct colors due to differences in the way
polarized light is absorbed by uniaxial or biaxial min-
erals (Hughes, 2014). For a uniaxial mineral, there are
two unique electric field oscillation directions, either
perpendicular to the optic axis! (o-ray) or parallel to
the optic axis (e-ray). (Note that in this manuscript,
we make use of the o-ray and e-ray terminology,
which is equivalent to the ELc and E||c terminology
more commonly used in the mineralogical litera-
ture.) For a uniaxial material such as ruby, the ab-
sorption spectrum changes with polarization
direction from the o-ray to the e-ray (figure 4).

The perceived color of light after passing through
a polished wafer of any uniaxial material can be cal-
culated using transmittance spectra (both polarized
and unpolarized) and the incident light angle relative
to the c-axis combined with the spectral power dis-
tribution of the original lighting condition (e.g., day-
light-equivalent D65 illumination or incandescent
illumination), as well as the human vision respon-
sivity functions that describe how the combination
of wavelengths reaching the eye are translated into
color.

In general, most light sources are unpolarized.
Therefore, it is most appropriate to consider any ma-
terial under unpolarized light when determining the
perceived color. For uniaxial minerals, when unpolar-
ized light is transmitted parallel to the optic axis, all
of the rays are equivalent o-rays, with their electric
field oscillation direction perpendicular to the optic
axis. However, when unpolarized light passes through

The optic axis is not a single line, but a direction (Hecht, 2001).
From figure 6, the dotted line represents the direction of the optic
axis. n, represents the o-ray electric field oscillation direction while n,
represents the e-ray electric field oscillation direction. Scientific jour-
nals also use E||c, which is equal to the e-ray, and ELc, which is equal
to the o-ray.
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POLARIZED VISIBLE SPECTRA

4.5 4

~ — o-ray
7
g 404 e-ray
S )
= 354 — Unpolarized
4
R
S ¢
e
= 25
e
o
O 204
4
O 15
-
o
& 1.0
E
ey 0.5+
<
A
0 T T T T T T |
300 400 500 600 700 800 900 1000

WAVELENGTH (nm)

Figure 4. Polarized spectra of an optically oriented
wafer of synthetic ruby (same as in figures 2 and 3)
with the o-ray (blue line) and e-ray (orange line) polar-
ized directions as well as unpolarized light (green line).

the material perpendicular to the optic axis, it splits
into two different rays: an o-ray and an e-ray, vibrating
perpendicular and parallel to the optic axis, respec-
tively. When unpolarized light passes through a uni-
axial material in any random direction, it will also
split into two rays, with one ray constrained to vibrate
along the o-ray and the other vibrating perpendicular
to both the o-ray oscillation direction and the path of
the light ray. Based on the authors’ knowledge, how-
ever, the exact means of determining the unpolarized
absorption spectrum of a uniaxial mineral in any gen-
eral direction has never been clearly elucidated. As
will be demonstrated in subsequent sections, the in-
tuitive means of mixing the o-ray and e-ray absorption
spectra weighted according to the geometry of any
general direction is not correct and cannot reproduce
experimentally measured spectra. In this contribution,
we demonstrate that one must use weighted combi-
nations of o-ray and e-ray transmission spectra in
order to determine the absorption spectrum, and
hence the color, of a uniaxial mineral for a given input
illumination ray angle and viewing angle.

MATERIALS AND METHODS

Samples. The synthetic ruby and sapphire samples
were provided by GIA’s Carlsbad research laboratory.
All samples were prepared as wafers with an optical-
quality finish. The crystal orientation was well con-
trolled by the biaxial crystal orienting device
described by Thomas et al. (2014).

CALCULATING COLOR FROM SPECTRA OF UNIAXIAL STONES

UV-Vis-NIR Spectroscopy. The polarized UV-Vis
spectra were collected with a specially modified Hi-
tachi U-2910 spectrophotometer. The spectra were
collected in the 190-1100 nm range with 1 nm spec-
tral resolution at a scan speed of 400 nm/min. The
unpolarized spectra were collected with a
PerkinElmer Lambda 950 UV-Vis spectrophotometer
(PE 950) in the 200-1000 nm range, also with 1 nm
spectral resolution. We also checked the degree of po-
larization of the generated unpolarized light from the
PE 950. The results showed that the PE 950 can pro-
duce ideal unpolarized light (see box A), which
means the unpolarized spectra are appropriate for the
spectral analysis. Both polarized and unpolarized
spectra were collected at GIA’s Carlsbad laboratory.

RESULTS AND DISCUSSION

This research began with an accidental discovery. In
2018, the lead author (CS) worked as a research in-
tern in GIA’s Carlsbad laboratory studying chro-
mophores in corundum. At first, all of the UV-Vis
spectra for corundum were collected using the Hi-
tachi U-2910 spectrophotometer, which is set up at
GIA only to collect polarized spectra. However, the
author also wanted to collect some unpolarized spec-
tra at the same time for the purpose of calculating
color seen with unpolarized light. To save time, we
came up with a hypothesis that one could recreate
the unpolarized absorption spectra of a corundum
wafer in a general orientation with weighted versions
of the o-ray and e-ray absorption spectra. For exam-
ple, light traveling perpendicular to the optic axis
will split into two orthogonal rays, and the unpolar-
ized spectrum was predicted to be equal to the sum
of half of the o-ray absorption spectrum and half of
the e-ray absorption spectrum (see equation 1):

A 0.5xA +05%xA

unpolarized = o-ray e-ray ( 1 )

In order to verify this hypothesis, the PerkinElmer
Lambda 950 UV-Vis spectrophotometer was used for
collecting unpolarized spectra of vanadium-bearing
sapphire with unpolarized light traveling perpendi-
cular to the optic axis. The vanadium-bearing sap-
phire had strong pleochroism, which meant there
were large differences between the o-ray and e-ray
spectra. Therefore, if the predicted and measured
spectra were in good agreement, we could conclude
that the hypothesis is correct. The measured and pre-
dicted spectra (using weighted absorption spectra as
in equation 1) are shown in figure 5. Because of the
significant difference between the estimated and
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BoXx A: DEGREE OF POLARIZATION

Degree of polarization (DOP) is basically a quantity used
to describe the portion of a beam of light that is polar-
ized. The DOP is given by the following equation:

ey
DOP - max min
I +I

whereI andI__ are the minimum and maximum in-
tensities of the light in the full range of polarization di-
rections, respectively. A perfectly polarized beam of
light has a DOP of 100%, while a DOP of 0% represents
perfectly unpolarized light. In this research, a
PerkinElmer Lambda 950 UV-Vis spectrophotometer
was used to collect unpolarized spectra. This instru-
ment has a removable polarizer, and we collected unpo-
larized spectra without it. However, with most
commonly used spectrophotometers, the beam reflec-
tion off the grating and other optics will render the light
partially polarized. For this reason, the spectrophotome-
ter used in this study incorporated a depolarizer after the
grating. Nonetheless, any potentially slightly unpolar-
ized light could affect the measurement results. To test
our PerkinElmer Lambda 950 spectrophotometer, we
chose a synthetic ruby cut as a wafer oriented 60° from
the optic axis and collected unpolarized spectra with
three different rotation angles relative to the cut wafer
face (0°, 45°, and 90°). Any significant differences among
these spectra would suggest that the “unpolarized” light
is actually partially polarized. If there is no difference
between the spectra, this would indicate there is no in-
herent polarization of the light in the spectrophotome-

measured spectra, we determined that this hypothe-
sis is wrong and the unpolarized absorption spectrum
cannot be reconstructed from appropriately weighted
versions of the o-ray and e-ray absorption spectra.
At this point we realized that predicting unpolar-
ized absorption spectra is more complicated than we
initially thought. In this research, we explain why we
cannot use weighted combinations of o-ray and e-ray
absorption spectra to determine the unpolarized ab-
sorption spectrum. In addition, we also provide a rea-
sonable method for predicting the absorption spectra
in any general orientation. The key to this method is
that all the calculations should be based on transmis-
sion spectra instead of absorption spectra. This solu-
tion can be arrived at intuitively since the addition of
two different absorption spectra mathematically re-
quires that all of the light is simultaneously absorbed
by both absorption spectra. For instance, if we add to-
gether a Cr and V absorption spectrum to represent a
Cr- and V-bearing material, the full light is simultane-
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Figure A-1. Unpolarized spectra of an optically oriented
synthetic ruby wafer (60° from the optic axis) with rota-
tion angles of 0° (blue line), 45° (orange line), and 90°
(green line).

ter. Figure A-1 illustrates the unpolarized spectra of
three different rotation angles, and this experiment con-
firmed that the light in this spectrophotometer is com-
pletely unpolarized. Hence, we can use the measured
unpolarized spectra for color calculations.

ously absorbed by Cr and V. However, when consid-
ering the splitting of light into two polarized rays in a
uniaxial material, the two rays of light are independ-
ent with each ray being blind to the other. To mathe-
matically model this, it is necessary to convert
absorption to transmission to effectively split these
two rays of light. See the discussion below.

Unpolarized Light Traveling Parallel to the Optic
Axis. In the case of cubic crystals, the refractive in-
dices of the incident light in any polarization direc-
tion are identical (Tilley, 2020). However, when
dealing with uniaxial crystals, the refractive indices
of the o-ray and e-ray are not equal. A beam of light
traveling through a uniaxial crystal splits into two
orthogonal beams, each with its own refractive
index. When light travels parallel to the optic axis,
the light will vibrate in all directions perpendicular
to the light ray path. Figure 6 demonstrates this with
the uniaxial material represented by an ellipsoid de-
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UNPOLARIZED VISIBLE SPECTRA
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Figure 5. Measured (blue line) and estimated (red dot-
ted line) absorption spectra. The estimated method
was based on weighted combinations of o-ray and e-
ray absorption spectra (which was found to be an in-
valid method).

fined by the refractive indices of o-ray and e-ray light.
The optic axis is vertical in this diagram, and a cross
section perpendicular to the optic axis is a circle with
aradius equal to the refractive index of the o-ray (n,).
Therefore, when light passes through a uniaxial ma-
terial along the optic axis, it vibrates perpendicular
to the optic axis.

Unpolarized Light Traveling Perpendicular to the
Optic Axis. When light travels perpendicular to the
optic axis, it will split into two rays with orthogonal
electric field directions. In this case, for a uniaxial
crystal, the cross section of the indicatrix is an ellipse
rather than a circle (figure 7). One of the split rays
will have its electric field oscillation direction paral-
lel to the optic axis (an e-ray|, while the other ray will
vibrate perpendicular to the optic axis (an o-ray).
Light traveling in this direction will be equally split
into o-ray and e-ray light.

This is best thought of by considering the inten-
sity, or radiant flux, of the incident light being split
in half between an o-ray and an e-ray. The relation-
ship between transmittance and radiant flux can be
expressed as in equation 2:

@l
T=— (2)
where

e T is transmittance
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Figure 6. A beam of light incident on a uniaxial nega-
tive indicatrix (n,>n,) with a direction of travel paral-
lel to the optic axis (green dotted line).

e @' is the transmitted radiant flux through the
material

o @' is the initial radiant flux received by the ma-
terial

Because the o-ray and e-ray each receive half of
the radiant flux incident on the material, equation 2
could be rewritten as:

0.5 x <I>‘(,,my+.0.5 X d)‘e,,ﬂyz

unpolarized = log

0.5x(T,, +T,,) (3)

where
* @', ,, is the transmitted radiant flux associated
with the o-ray
* @', is the transmitted radiant flux associated

with the e-ray

Equation 3 shows mathematically why simply
adding absorption spectra as in equation 1 is incor-
rect, since there is a logarithmic relationship be-
tween transmittance and absorbance: A = —log(T). To
verify our formula, unpolarized light was used to
measure the vanadium-bearing sapphire wafer with
faces cut and polished parallel to the optic axis. Next,
we compared the measured spectrum with the cal-
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culated spectrum based on equation 3 using the
measured o-ray and e-ray absorption spectra con-
verted to transmittance. The results are shown in fig-
ure 8. We can see from figure 8 that the estimated

Figure 8. Transmittance spectra of an optically ori-
ented wafer (c-axis parallel to the polished faces) of a
vanadium-bearing sapphire. The estimated unpolar-
ized spectrum (red dotted line) is calculated based on
equation 3.
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/ direction of travel per-
pendicular to the optic
axis.

spectrum agrees well with the measured spectrum.
We can also calculate the color from the estimated
spectrum and the measured spectrum as well as the
spectrum estimated by the method of using weighted
absorption spectra (equation 1). These three colors
are reproduced in figure 9. The color difference value,

Figure 9. Generated color where the bottom third is
calculated based on the measured spectrum, the left
third based on the correctly estimated spectrum, and
the right third based on an incorrectly estimated
spectrum.

Incorrect method

Correct method

Measured
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AEy, (Luo et al., 2001), between the correctly esti-
mated and measured spectra is 0.80, while the AE,,
between the incorrectly estimated and measured
spectra is 1.79, demonstrating the accuracy of using
transmittance spectra to predict color.

Unpolarized Light Incident in a Random Direction.
When considering a beam of light traveling through a
uniaxial material in any general direction relative to
the c-axis, the situation is slightly more complicated.
However, we can still use the framework developed
in the previous sections covering samples measured
with the polished face parallel and perpendicular to
the optic axis using unpolarized light. From the optical
indicatrix shown in figure 10, it is obvious that when
light traveling through a uniaxial material in a general
direction is split into two rays, one of them can be de-
scribed as the o-ray while the other ray (k) is a mixture
of an o-ray and an e-ray. Based on Malus’s law (Collett,
2005), the component of the split light (k) along the o-
ray and e-ray polarized directions can be calculated ac-
cording to equation 4:

I, =sin’0 x I+ cos®0 x I, (4)
where

o [ represents the intensity of light along the
specified polarization

CALCULATING COLOR FROM SPECTRA OF UNIAXIAL STONES

optic axis. The inten-
sity of the ray of light
vibrating perpendicular
to the o-ray (the k-ray
in the figure) can be ex-
pressed as the square of
the cosine and sine
functions of 6.

0 is the angle between the cross section (see
also figure 10) and the optic axis

Since transmittance is proportional to the light
intensity?, equation 4 can be rewritten as equation 5
and the final equation for calculating the unpolarized
spectrum in any general direction can be expressed
as equation 6:

Tunpo]un’zed(k) = Sinze X T(I)-ray(k)'I' COSZG X ’Te-my(k) I5)
Tpotarized = 0-5 X T, +0.5 x (sin0 x T, +cos?0 x T, ) (6)

When the light travels parallel to the optic axis, 6 =
90°, sin%0 = 1, cos®® = 0, and equation 6 is equal to
T, ..,- When the light travels perpendicular to the
optic axis, 6 = 0°, sin?0 = 0, cos?0 = 1, and equation 6
is equal to equation 3.

To verify the accuracy of equation 6, the authors
selected a high-quality, homogeneous synthetic ruby
and cut it into four double-sided polished wafers.
These four wafers were accurately oriented using the
biaxial crystal orienting device described by Thomas
et al. (2014). The angles between the polished faces
of the four wafers and the optic axis are 0°, 30°, 45°,
and 60°, respectively. Unpolarized spectra were

The total radiant flux is 47 sr times the radiant or light intensity when
dealing with isotropic radiation. Note: sr represents “steradian.”
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MEASURED AND ESTIMATED UNPOLARIZED VISIBLE SPECTRA
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measured for these four samples as well as polarized
spectra (o-ray and e-ray) from the 0° sample. The
measured spectra and estimated spectra (based on
equation 6) are shown in figure 11, illustrating that
the estimated spectra agree well with the measured
spectra. Therefore, equation 6 can be used to recon-
struct the unpolarized spectrum of a sample of a uni-
axial material at any known angle relative to the
c-axis from the o-ray and e-ray spectra. In addition,
the colorimetric data as well as the AE, values are
shown in table 1. The very small AE,, values for all
four tested angles illustrate the high accuracy of the
estimated spectra and are similar in magnitude to the

TABLE 1. Colorimetric data of estimated and measured spectra.

L* a* b* AEoo
Measured (0°) 97.39 2.58 -0.57
Estimated (0°) 97.35 2.82 -0.81 037
Measured (30°) 97.13 3.05 -1.36 a5
Estimated (30°) 97.04 3.30 -1.42
Measured (45°)  96.88 3.48 -1.96 036
Estimated (45°) 96.73 3.77 -2.04
Measured (60°)  96.65 3.86 -2.56
Estimated (60°) ~ 96.42 4.26 -2.66 049
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expected uncertainty between two measuring instru-
ments. To get a sense of the magnitude of AE,, val-
ues, the repeatability of an instrument for uniform
samples without replacement on a single instrument
is on the order of 0.05-0.10, reproducibility of meas-
urements across different times or instruments is on
the order of 0.5-1.0, and perceptibility thresholds for
color differences are on the order of 1.0-2.0. The pre-
cise magnitudes depend on the uniformity of the
samples, the specific instrument, the measurement
geometry, and viewing conditions such as back-
ground, illumination color, and illuminance level
(Berns, 2019).

Since the relationships between different angles
and unpolarized spectra were directly measured, a 3D
plot where the incident angle (8) is plotted against
transmittance spectra (o-ray, e-ray, and unpolarized)
to demonstrate the variation of the contribution of
each polarized ray (not full transmittance) at various
angles is presented in figure 12.

CONCLUSIONS

The unpolarized spectra of uniaxial materials in any
direction can be reconstructed from the square of the
cosine and sine functions of o-ray and e-ray, provided
the incident light angle 6 relative to the c-axis (optic
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3D TRANSMITTANCE SPECTRA

TRANSMITTANCE —>

axis) is known. This calculated function, expressed
in equation 6, was derived theoretically and verified
experimentally. The extension of this theoretical
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